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Abstract
We continue our study of partitions of the set of all ( v3 ) triples chosen from a v-set into pairwise disjoint planes with
three points per line. We develop further necessary conditions for the existence of partitions of such sets into copies of
PG(2; 2) and copies of AG(2; 3), and deal with the cases v=13; 14; 15 and 17. These partitions, together with those already
known for v = 12; 16 and 18, then become starters for recursive constructions of further in1nite families of partitions.
c© 2004 Elsevier B.V. All rights reserved.
Keywords: Partitions; Triple systems; Fano partitions; A=ne partitions
1. Introduction
The problem of partitioning larger combinatorial structures into copies of smaller ones has a long history. Examples
include the study of resolvable designs, of large and overlarge sets of designs, and of factorizations of graphs. See for
instance Lindner and Rodger [1] for a survey of cycle systems, a family of designs constructed by partitioning the set of
edges of complete graphs into cycles.
In this paper we extend to block designs the concept of planar partitions in 1nite geometries (see [6]) by investigating
partitions of full designs into planar Steiner triple systems. Alternatively, our ‘Fano’ and/or ‘a=ne’ systems can be viewed
as generalizations to hypergraphs of graph decompositions.
Previously [3] we have studied partitions of the full set of all ( v3 ) triples chosen from a v-set into copies of PG(2; 2)
(Fano partitions) or copies of AG(2; 3) (a=ne partitions) or, in some cases, copies of both (mixed partitions). A complete
classi1cation of all possible such partitions of the set of 120 triples chosen from a 10-set has been submitted for publication
[4]. Here we deal in more detail with necessary conditions for the existence of mixed partitions, especially in the cases of
v=13 and 14, and giving examples for v=15 and 17. These partitions, together with those previously found for v=12; 16
and 18, form starters for recursive constructions based on 3-designs. From these we obtain further in1nite families of
partitions for larger values of v.
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2. Necessary conditions
We have already shown [3] that for a design D, with parameters 2-(v; k; ), to be partitioned into copies of a design
E, with parameters 2-(w; k; ), the following divisibility conditions are necessary:
 | ; (w − 1)
k − 1
∣∣∣∣ (v− 1)k − 1 ; w(w − 1)k(k − 1)
∣∣∣∣ v(v− 1)k(k − 1) : (1)
If such a decomposition is possible, then D is decomposed into n pairwise disjoint copies of E, where
n=
v(v− 1)
w(w − 1) :
If the point set of each copy of E is considered as a block, we obtain a design EP with parameters 2-(v; w; =) with n
blocks and replication number r = (v− 1)=(w − 1).
When D is the full design consisting of all ( v3 ) triples chosen from a v-set, hence with parameters 2-(v; 3; v − 2), we
consider two special cases.
First, if E is the Fano plane with parameters 2-(7; 3; 1), then the conditions in the equations of (1) imply that
6|(v− 1)(v− 2) and 42|v(v− 1)(v− 2) or equivalently:
v ≡ 1; 2; 7; 8; 14; 16 (mod 21): (2)
Fano partitions are known to exist for v = 7n + 1; 13n + 1; 16; 22; 23 and 27n + 1 [3].
Secondly, with D as before, but E now chosen to be the a=ne plane AG(2; 3) with parameters 2-(9; 3; 1), the conditions
in the equations of (1) imply that 8|(v− 1)(v− 2) and 72|v(v− 1)(v− 2) or equivalently
v ≡ 1; 2; 9; 10; 18; 65 (mod 72): (3)
A=ne partitions are known to exist for v = 8n + 1; 9n + 1; 18 and 18n + 1 [3].
Suppose that the block set of D is partitioned into F copies of PG(2; 2) and A copies of AG(2; 3), respectively. The
point i is said to be of type (Fi; Ai) if it is incident with Fi copies of PG(2; 2) and Ai copies of AG(2; 3). The number
of points of type (Fi; Ai) is denoted by i. Finally, we write B= ( v3 ), R= (
v−1
2 ) and L= v− 2. We now restate Theorem
2.5 of [3] more neatly, together with some additional related results.
Theorem 2.1. In the partition of the block set of D, we have
7F + 12A= B: (4)
Proof. Eq. (4) can be obtained by counting either blocks, or blocks through points, or blocks through pairs of points.
Theorem 2.2. For each point i in the partition of Theorem 2.1, we have
3Fi + 4Ai = R; (5)
where 06Fi6F , 06Ai6A.
Proof. Eq. (5) follows from the fact that a point appears in three blocks of a PG(2; 2) and four blocks of an AG(2; 3).
Theorem 2.3. The number, i, of points of type (Fi; Ai) satis7es∑
i
iFi = 7F and
∑
i
i = v; (6)
where i¿ 0.
Proof. Equations in (6) depend on the number of points incident with each plane, and imply the complementary relation∑
i iAi = 9A.
Theorem 2.4. Suppose that i and j are points of type (Fi; Ai) and (Fj; Aj), respectively, where i and j may be of the
same type. Then
Fi + Fj6F + L and Ai + Aj6A+ L: (7)
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Table 1
Parameters for EP to be 3-wise balanced
v  F=65 A=65
65 5 96 0
65 6 48 28
65 7 0 56
Proof. Equations in (7) follow from the fact that no pair of distinct points can appear in planes of the same kind more
than L times.
Mixed partitions for v = 8n; 9n; 10 and 11n + 1 have been constructed in [3].
The point design EP obtained from a mixed partition is a pairwise balanced design with two block sizes, 2-(v; {7; 9};
v− 2). Let F and A be the numbers of blocks in EP of sizes 7 and 9, respectively. For this design to be 3-wise balanced
we need(
7
3
)
F +
(
9
3
)
A= B
which, together with Eq. (4) of Theorem 2.1, implies that
F =
B(7− )
14
and A=
B(− 5)
24
:
Hence 566 7, with  = 5 and 7 corresponding to pure partitions into Fano and a=ne planes, respectively. For a
proper mixed partition, we have = 6, and so B must be divisible by 168. The smallest order for which all three cases
are feasible is v = 65; see Table 1.
3. Direct constructions
Assuming that a mixed partition is stabilized by an automorphism  of prime order p, we establish its action on subsets
of size 1, 3, 7 and 9 of the ground set. The orbits induced by  on these subsets must be compatible with the (Fi; Ai)
distribution on points and the distribution of 1xed triples in the 1xed planes. With the 1xed planes speci1ed, the remaining
triples T partition into, say, w orbits of size p. A subset of size 7 or 9 is called good if it induces a Fano or a=ne
plane, respectively, with blocks belonging to diLerent orbits of T . With each good subset we associate a set of orbit labels
representing the blocks of the corresponding plane. The good planes thus generate subsets of size 7 and 12 on the w
orbits of triples. A spread is a partition of the orbits into such 7- and 12-subsets, and 1nally a solution is represented by
a spread, together with the 1xed planes. Depending on the values of p and v, the number of good subsets may become
very large.
For example, a decomposition of ( 133 ) into 22 Fano and 11 a=ne planes, invariant under an automorphism of order
three, requires 1xing two a=ne and four Fano planes, respectively. The remaining 234 triples form m= 78 orbits of size
3, admitting 3 518 7-subsets and 10 780 12-subsets of orbits. To 1nd spreads in such large collections we use stochastic
local search algorithms from [2].
In the following text, we abbreviate a Fano plane and an a=ne plane to F and A, respectively. We also write the blocks
013,124,235,346,450,561,602 of F as 0 13 45 62;
thus specifying the blocks 013, 045, 062, 235, from which the remaining blocks may be completed. Likewise, instead
of writing the usual 3× 3 array, we write the blocks 123,456,789,147,258,369,159,267,348,168,249,357 of A as
123 456 789.
3.1. Partitions of ( 133 ) into copies of F and A
By Theorems 2.1 and 2.2 we have, with v = 13:
7F + 12A= 286; 3Fi + 4Ai = 66; Fi6F; Ai6A:
The 1rst of these equations has three possible solutions, Cases 1–3 in Table 2. For v = 13, the second equation has six
possible solutions: the number of points of type (Fi; Ai) = (26− 4i; 3i − 3) for i = 1; : : : ; 6, and is denoted by i.
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Table 2
Parameters for mixed partitions on 13 points
Case F A (Fi; Ai)
1 34 4 (22, 0) (18, 3)
2 22 11 (22, 0) (18, 3) (14, 6) (10, 9)
3 10 18 (10, 9) ( 6, 12) ( 2, 15)
Table 3
Partition of ( 132 ) into 34F + 4A
4A, fixed 4F , fixed 10F , 3-orbits
013 286 574 0 12 9c ab 0 14 3c 7b 0 1c 39 46
01a 245 93b 3 45 6c 78 0 15 37 ac 0 3a 5b 87
017 2b9 6a8 6 78 01 2c 0 18 54 6a 0 4a 86 bc
349 578 b6a 9 ab 4c 53 0 19 63 7a 0 4c 79 8a
0 1b 74 59 0 57 8c b9
Table 4
Partition of ( 133 ) into 22F + 11A
2A, fixed 4F , fixed 6F , 3-orbits
013 286 574 0 12 9c ab 0 19 58 a7
01a 245 93b 3 45 6c 78 0 1b 39 78
3A, 3-orbits 6 78 01 2c 0 37 6c a9
014 638 9ca 9 ab 4c 53 0 38 5b 6a
015 234 7ac 0 47 8b ac
017 469 cb5 0 49 5a 68
Case 1: 34F +4A. Solving Eqs. (6) gives 1 =1; 2 =12, which satisfy inequalities (7). This suggests an automorphism
of order 3, say
 = (012)(345)(678)(9ab)(c)
with the following numbers of orbits: on 3-sets, 14 + 394; on 7-sets, 16 + 3570; on 9-sets, 14 + 3237. Assuming four 1xed
Fano and four 1xed a=ne planes, there are 70 3-orbits of triples containing spreads of transversal designs. Table 3 shows
the base blocks of an example of this case.
Case 2: 22F+11A. From Fi+Fj6 33, we see that 16 1; 26 1. If 1 =1 then 2 = 3 =0, leading to a contradiction.
There are two feasible solutions: (1; 2; 3; 4) = (0; 1; 4; 8) or (0; 0; 6; 7). The second solution is compatible with the
automorphism  from Case 1. Assuming four F and two A 1xed, we 1nd on the 78 3-orbits a spread consisting of six
transversal Fs and three As. The base blocks of such a solution are given in Table 4.
Case 3: 10F + 18A. From the fact that Ai + Aj6 29 we have 66 1. For these values, Eqs. (6) become 91 + 122 +
153 = 9× 18 and 1 + 2 + 3 = 13, which have no feasible solutions. Hence Case 3 is not possible.
3.2. Partitions of ( 143 ) into copies of F and A
By Theorems 2.1 and 2.2 we have, with v = 14:
7F + 12A= 364; 3Fi + 4Ai = 78; Fi6F; Ai6A:
Here, the 1rst equation has 1ve possible solutions, Cases 1–5 in Table 5.
The second equation has seven possible solutions: the number of points of type (Fi; Ai)=(30−4i; 3i−3) for i=1; : : : ; 7,
and is denoted by i.
Case 1: 52F . This is a pure Fano partition; an example was listed in [3].
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Table 5
Parameters for mixed partition on 14 points
Case F A (Fi; Ai)
1 52 0 (26, 0)
2 40 7 (26, 0) (22, 3) (18, 6)
3 28 14 (26, 0) (22, 3) (18, 6) (14, 9) (10, 12)
4 16 21 (14, 9) (10, 12) (15, 6) ( 2, 18)
5 4 28 ( 2, 18)
Table 6
Partition of ( 143 ) into 40F + 7A
1A, fixed 13F , 3-orbits
124 89b dca 0 12 4c d6 0 16 58 ac 0 17 28 3d
2A, 3-orbits 0 18 2b 67 0 1c 5b 9d 0 1d 3c 87
156 7a9 8cd 0 35 68 bd 1 23 69 bd 1 28 35 7b
013 78a cb9 1 29 5b 6d 1 2b 6c 7a 1 2c 58 d9
1 36 5a 7c 1F , fixed
0 15 23 46
Table 7
Partition of ( 143 ) into 28F + 14A
1A, 14-orbit 2F , 14-orbits
012 3cd 568 0 18 37 6a 0 19 3b 6c
Case 2: 40F + 7A. Inequalities (7) do not restrict solutions of (6) which exist for each 16 3. However, it is easy to
see that three sets of size 26, any two intersecting in 12 elements, have a union of size at least 42, which exceeds 40,
ruling out the possibility that 1 = 3. A similar argument involving two points of type (26, 0) and two of type (22, 3)
excludes 1 = 2. Hence 16 1 and we have two feasible solutions: (1; 2; 3) = (1; 5; 8) or (0; 7; 7). The second solution
suggests an automorphism of order three, say,
 = (0)(124)(365)(7)(89b)(adc);
with the following numbers of orbits: on 3-sets, 14 + 3120; on 7-sets, 112 + 31140; on 9-sets, 14 + 3666. Assuming one 1xed
Fano and one 1xed a=ne plane, there are 115 3-orbits of triples which contain spreads of 13 transversal Fano planes,
and two transversal a=ne planes. Base blocks for a solution are given in Table 6.
Case 3: 28F +14A. Since Fi +Fj6 40, we see that 16 1. If 1 =0, then 2 = 3 =0 and (6) yields a unique solution.
If 1 = 0, then 26 1 and we obtain two sets of solutions. Hence (1; 2; 3; 4; 5) = (1; 0; 0; 10; 3) or (0; 1; i; 11 − 2i; i +
2); 06 i6 5 or (0; 0; i; 14 − 2i; i); 06 i6 7. The nicest solution is obtained by setting i = 0 in the last set of solutions,
yielding 14 points of type (Fi; Ai) = (14; 9). This suggests a regular automorphism subgroup generated by
= (0123456)(789abcd) and = (07)(18)(29)(3a)(4b)(5c)(6d)
inducing orbits of the following sizes: on 3-sets, 1426; on 7-sets, 21 + 14245; on 9-sets, 14163. With no 1xed planes, there
are 26 orbits of triples, each of size 14. There are 2 176 distinct spreads consisting of two transversal Fano planes and
an a=ne plane, forming 366 non-isomorphic decompositions. Five are stabilized by a group G3 of order 42 generated by
 (as in Case 2),  and . Base blocks for such a solution are given in Table 7; in each case, the orbits are under G3.
Case 4: 21A+16F . Since Ai+Aj6 33, we see that 46 1. Then (6) yields exactly three parameter sets: (4; 5; 6; 7)=
(1; 6; 6; 1) or (1; 5; 8; 0) or (0; 7; 7; 0). The last one suggests an automorphism of order seven. Choosing  (as in Case 3)
we obtain orbits of the following sizes: on 3-sets, 752; on 7-sets, 12 + 7430; on 9-sets, 7286. Assuming two 1xed Fano
planes, there are 50 7-orbits of triples, which contain spreads of two transversal Fano planes and three a=ne planes. The
solution listed here has an additional isomorphism, , (as in Cases 2 and 3) generating a stabilizer, G4, of order 21. Its
base blocks are given in Table 8. All orbits are under G4.
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Table 8
Partition of ( 143 ) into 16F + 21A
1A, 21-orbit 2F , fixed 2F , 7-orbits
016 4c7 db8 0 13 26 54 0 1a 2d 4c
0 15 23 46 0 3b 59 68
Table 9
Parameters for mixed partition on 15 points
Case F A (Fi; Ai)
1 53 7 (29, 1) (25, 4) (21, 7)
2 41 14 (29, 1) (25, 4) (21, 7) (17,10) (13,13)
3 29 21 (29, 1) (25, 4) (21, 7) (17,10) (13,13) (9,16) (5,19)
4 17 28 (17, 10) (13, 13) (9, 16) ( 5, 19) ( 1, 22)
5 5 35 ( 5, 19) ( 1, 22)
Table 10
Partition of ( 153 ) into 53F + 7A
1A, 7-orbit 4F , fixed 7F , 7-orbits
017 2bd 49e 0 13 26 54 0 12 79 8e 0 1a 2b 4c
0 15 23 46 0 14 7d 9c 0 1d 37 5a
7 8a 9d cb 0 18 4e bc 0 2d 5e b8
7 8c 9a bd 0 19 6b ad
Table 11
Partition of ( 153 ) into 29F + 21A
3A, 7-orbits 1F , fixed 4F , 7-orbits
012 3ba 7c8 0 15 23 46 0 18 2d 5e 0 28 7d ea
014 3bd e6c 0 1b 2a 57 0 3a 7b e9
019 4bd 8a6
Case 5: 4F + 28A. In this case, every point is of type (Fi; Ai) = (2; 18). Analysing triples of points belonging to two
Fano planes shows that any two of the four Fano planes can have at most four points in common. Assuming four 1xed
Fano planes and an automorphism of order seven requires the existence of a spread of four transversal a=ne planes
on the 48 orbits of triples of size seven. Unfortunately no such spread exists. A partial search for spreads based on an
automorphism has not yielded any solutions.
3.3. Partitions of ( 153 ) into copies of F and A
By Theorems 2.1 and 2.2 we have, with v = 15:
7F + 12A= 455; 3Fi + 4Ai = 91; Fi6F; Ai6A:
Here, the 1rst equation has 1ve possible solutions, Cases 1–5 in Table 9.
The second equation has eight possible solutions: the number of points of type (Fi; Ai)=(33−4i; 3i−2) for i=1; : : : ; 8,
and is denoted by i. We give one example each of Classes 1 and 3, with (1; 2; 3; 4; 5; 6; 7) = (0; 14; 1; 0; 0; 0; 0) and
(0; 0; 1; 0; 14; 0; 0), respectively. In each case, the parameters suggest an automorphism of order 7, say, ! = (0123456)
(789abcd)(e), where the 1xed point e is the one of type (21; 7). Base blocks are given in Tables 10 and 11, respectively.
3.4. Partitions of ( 173 ) into copies of F and A
Finally we give an example of a mixed partition in the case where v = 17, with 68F + 17A, and each point of type
(Fi; Ai) = (28; 9). These parameters suggest an automorphism of order 17, say, " = (0123456789abcdefg). Base blocks
are given in Table 12.
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Table 12
Partition of ( 173 ) into 68F + 17A
1A, fixed 4F , 17-orbits
014 3f7 b8c 0 12 37 56 0 18 2a 5c
0 16 2c a8 0 1f 3c 98
4. Recursive constructions
Our recursive constructions depend on the existence of in1nite families of Steiner 3-designs.
Theorem 4.1 (Mathon and Street [3, Theorem 4.1]). Let S(3;K; v) be a 3-wise balanced design based on a v-set V with
block sizes in K= {k1; : : : ; km}. If there is a Fano or a=ne or mixed partition of the full design of triples chosen from
a ki-set for each i = 1; : : : ; m, then there is a similar partition of the full design of triples chosen from the v-set V.
If q is a power of a prime, then we may use the classical spherical geometries [5] S(3; q + 1; qn + 1), with 0, 1 or 2
points deleted, to obtain new in1nite families of mixed partitions.
Theorem 4.2. For the full design of triples chosen from a v-set, there are mixed partitions for the following values of
v:
v = 13n + 1; 13n; 13n − 1; 17n + 1− k; k = 0; : : : ; 6; 16n + 1− ‘; ‘ = 0; : : : ; 5; for n¿ 1.
Proof. The 3-designs S(3; q + 1; qn + 1) give 3-wise balanced designs if 0, 1 or 2, k = 0; : : : ; 6 and ‘ = 0; : : : ; 5 points,
respectively, are removed from the underlying set, and these designs have block sizes ranging from 12 to 18. The existence
of mixed partitions on sets of these sizes for v = 12; : : : ; 18 guarantees the desired result.
We note that selecting mixed partitions with diLerent numbers of Fano and a=ne planes on each block of the designs
discussed in Theorem 4.2 yields mixed partitions with a wide variation of numbers of Fano and a=ne planes.
Similarly, if we have a 3-design S(3; q+1; qn+1) which contains a subdesign S(3; q+1; qm+1) for the same values of
q, that is, 13, 16 or 17, then we may delete the blocks of the subdesign from the larger design, leaving a 3-wise balanced
design with blocks of size q+ 1; q and q− 1 as before, and giving a diLerent mixed partition of the set of triples on the
underlying v-set, with v = qn − qm.
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